Abstract. We give several new criteria to judge whether a simple convex polytope in an Euclidean space is combinatorially equivalent to a product of simplices. These criteria are mixtures of combinatorial, geometrical and topological conditions that are inspired by the ideas from toric topology.
Background
An n-dimensional convex polytope P n is the convex hull of a finite set of points in a Euclidean space R d . Any codimension-one face of P n is called a facet of P n . We call P n simple if each vertex of P n is the intersection of exactly n facets of P n . Two convex polytopes P n and Q n are combinatorially equivalent if their face lattices are isomorphic (see [13, Chapter 2.2] ). Topologically, combinatorial equivalence corresponds to the existence of a homeomorphism between the two polytopes that restricts to homeomorphisms between their facets (and hence all their faces).
In this paper, we will give several new criteria to judge whether a simple convex polytope is combinatorially equivalent to product of simplices (Theorem 2.2 and Theorem 2.5). Some of these criteria are purely combinatorial, while others are phrased in geometrical or topological terms. These criteria are mainly inspired by the ideas from toric topology. So in the following we first explain some basic constructions and facts in toric topology that are relevant to our discussion.
An abstract simplicial complex on a set [m] = {v 1 , · · · , v m } is a collection K of subsets σ ⊆ [m] such that if σ ∈ K, then any subset of σ also belongs to K. We always assume that the empty set belongs to K and refer to σ ∈ K as a simplex of K. In particular, any element of [m] is called a vertex of K. To avoid ambiguity in our argument, we also use V (K) and V (σ) to refer to the vertex sets of K and any simplex σ in K.
where (p, g) ∼ (p ′ , g ′ ) if and only if p = p ′ and g −1 g ′ ∈ G λ p where G λ p is the subgroup of (Z 2 ) m generated by the set {λ(F i ) | p ∈ F i }. Let π λ : M(P n , λ) → P n be the quotient map. There is a canonical action of (Z 2 ) m on M(P n , λ) by:
In fact RZ P n ∼ = M(P n , λ). The moment-angle manifold Z P n can be similarly constructed from P n and a map Λ :
And there is canonical (S 1 ) m -action on Z P , which makes Z P a torus manifold. Recall that a torus manifold M is a 2n-dimensional closed orientable manifold with an effective action of an n-dimensional torus T such that M T = ∅ (see [9] ).
Descriptions of products of simplices
For any k ∈ N, let ∆ k denote the standard k-dimensional simplex, which is
Next, we first list some descriptions of products of simplices that appeared in Wiemeler's paper [12] . Theorem 2.1 (Wiemeler [12] ). Let P be an n-dimensional simple convex polytope with m facets. Then the following statements are equivalent.
(a) P is combinatorially equivalent to a product of simplices.
(b) Any 2-dimensional face of P is either a 3-gon or a 4-gon.
(c) There exists a nonnegatively curved Riemannian metric on Z P that is invariant under the canonical (S 1 ) m action on Z P . [12, Lemma 4.2] . Note that Theorem 2.1(b) is a particularly useful description of products of simplices. We will see that many other descriptions of products of simplices boil down to this one.
Next, we give more descriptions of products of simplices from combinatorial and topological viewpoints. For convenience let us introduce some notations first.
• For any topological space X and any field k, let
• For a simplical complex K and a subset I of the vertex set V (K) of K, let K I denote the full subcomplex of K obtained by restricting to I.
In addition, for a simplicial complex 
The following are some basic facts about L(K) (see Ustinovsky [10, 11] ).
• K 1 is simplicially isomorphic to
(here * is the join of two simplical complexes).
• If K = ∂P * where P * is the simplicial polytope dual to a simple convex polytope P , then L(K) = ∂L(P ) * where L(P ) is a simple convex polytope called the double of P (see [10] for the construction of L(P )).
Theorem 2.2. Let P be an n-dimensional simple convex polytope with m facets and let K be the boundary of the simplicial polytope dual to P . Then the following statements are all equivalent.
(d) For any vertex x of P , the intersection of all the facets of P that are not incident to x is nonempty (which must be exactly one face of P ).
Proof. The equivalence of (a) and (b) is trivial.
(b) ⇔ (c). If
Conversely, suppose L(K) = ∂∆ l 1 * · · · * ∂∆ lr . Notice that for each 1 ≤ j ≤ r, ∆ l j is a minimal missing simplex of L(K). So ∆ l j must have even number of vertices, which implies that l j is an odd integer. Let l j = 2n j + 1, 1 ≤ j ≤ r. Then we have
} be the set of all vertices of ∆ n i . Then the set of all the vertices of P can be written as
Note that any facet of P is the product of a codimension-one face of some ∆ n i and the remaining simplices. So the set of all the facets of P is (see [4] )
where
is the codimensionone face of the simplex ∆ n i which is opposite to the vertex v Figure 1 . The boundary of a simplex of n + r facets in P . The n facets of P that are incident to v j 1 ...jr are:
Those facets that are not incident to v j 1 ...jr are F
(d) ⇔ (e).
Note that K is a (n − 1)-dimensional simplicial sphere with m vertices where each vertex x of P corresponds to a unique (n − 1)-simplex K, denoted by σ x . Let W x be the union of those facets of P that are not incident to x. The face poset of K V (K)−V (σx) is the reverse poset of the face poset of W x . Then since the polytope P is a simple, if the intersection of all the facets in W x is nonempty, it must be exactly one face of P (which is equivalent to saying that
(d) ⇒ (a)
. We first prove the following claim. Claim: If the condition (d) holds for P , then (d) also holds for any facet of P .
Indeed, each facet F of P corresponds to a unique vertex v F of K. Let Star K (v F ) and link K (v F ) denote the star and the link of v F in K. Then link K (v F ) is an (n − 2)-dimensional simplicial sphere which the boundary of the simplicial polytope dual to F . For any (n − 2)-simplex τ ∈ link K (v F ), there are exactly two (n − 1)-simplices σ 1 , σ 2 in K that contains τ . We let V (σ 1 ) = V (τ ) ∪ {v F } and V (σ 2 ) = V (τ ) ∪ {u} for some vertex u of K. Since the condition (d) and (e) are equivalent, by applying (e) to K we deduce that
Notice that v F / ∈ σ 2 , so ω contains v F and hence
• If dim(ω) = 0, then ω = {v F }. This implies that the number of vertices of K is n + 1. So P must be an n-simplex since P is a simple convex polytope of dimension n. In this case L τ = {u} (See Figure 1) . •
with dimension dim(ω) − 1. We have two possible cases as follows.
is a nonempty simplex (see the left two pictures in Figure 2 ).
Note that both the simplex ω∩link K (v F ) and u belong to
is a simplex by the condition (e), the simplex ω ∩ link K (v F ) and u spans a unique simplex (of dimension dim(ω)) which must coincide with L τ (see the right two pictures in Figure 2 ). So we have shown that the condition (e) holds for link K (v F ). Dually it means that the condition (d) holds for the facet F . So the above claim is proved.
By iterating the above argument, we can deduce that the condition (d) holds for all two dimensional faces of P . This forces any 2-dimensional face of P to be either a 3-gon or a 4-gon. Then by Theorem 2.1(b), the polytope P is combinatorially equivalent to a product of simplices.
(a) ⇒ (f) and (g). If
The number of facets of P is m = n + r. It is clear that for any field k, hrk(Z P ; k) = hrk(RZ P ; k) = 2 r = 2 m−n . 
(f) ⇒ (a
and X is the disjoint union of the 2 m−mv−1 copies of RZ link K (v) . So we have 
Note if v is the vertex corresponding to a facet F of P , then RZ link K (v) = RZ F . So we have shown that if the condition (f) holds for P , it should hold for any facet of P as well.
By iterating this argument, we can deduce that the condition (f) holds for all the two dimensional faces of P . This forces any 2-dimensional face of P to be either a 3-gon or a 4-gon. Then by Theorem 2.1(b), the polytope P is combinatorially equivalent to a product of simplices.
(g) ⇒ (a). First of all, [11, Lemma2.2] says that there is a homeomorphism
Z K ∼ = RZ L(K) . Since K has m vertices, dim(L(K)) = m + dim(K) = m + n − 1. So if hrk(Z K ; k) = 2 m−n , we have hrk(RZ L(K) ; k) = 2 m−n = 2 2m−(m+n−1)−1 = 2 2m−dim(L(K))−1 .
So (f) holds for the simplicial sphere L(K).
Since we have already shown (f) ⇒ (a) and (a) ⇒ (b), L(K) satisfies (b). Then K itself satisfies (b) by the equivalence of (b) and (c). So P is combinatorially equivalent to a product of simplices.
Next, we give some descriptions of products of simplices in terms of geometric conditions on real moment-angle manifolds of simple convex polytopes. We first recall a notion in metric geometry (see [3, Definition 3.1.12]). Definition 2.3 (Quotient Metric Space). Let (X, d) be a metric space and let R be an equivalence relation on X. The quotient semi-metric d R is defined as
where the infimum is taken over all choices of {p i } and {q i } such that the point q i is R-equivalent to p i+1 for all i = 1, · · · , k − 1. Moreover, by identifying points with zero d R -distance, we obtain a metric space (X/R, d) called the quotient metric space of (X, d).
Suppose P is a simple convex polytope in a Euclidean space R d . Consider P as a metric subspace of R d (with the intrinsic metric). By the construction in (2), RZ P = M(P, λ) is a closed manifold obtained by gluing 2 m copies of P along their facets. We can assume that the 2 m copies of P are congruent convex polytopes inside the same Euclidean space and the gluings of their facets are all isometries. Then we obtain a quotient metric on RZ P by Definition 2.3, denoted by d P . It is clear that the metric d P is invariant with respect to the canonical action of (Z 2 ) m on RZ P (see (3)).
Remark 2.4. We can also call (RZ P , d P ) a Euclidean polyhedral space, which just means that it is built from Euclidean polyhedra (see [3, Definition 3.
2.4]).
Note that if P ′ is another simple convex polytope combinatorially equivalent to P but not congruent to P , the two metric spaces (RZ P ′ , d P ′ ) and (RZ P , d P ) are not isometric in general (though RZ P ′ is homeomorphic to RZ P ).
Theorem 2.5. Let P be an n-dimensional simple convex polytope, n ≥ 2, with m facets. Then the following statements are all equivalent.
(b) There exists a non-negatively curved Riemannian metric on RZ P that is invariant under the canonical (Z 2 ) m -action on RZ P .
(c) There exists a simple convex polytope P ′ combinatorially equivalent to P so that the metric space (RZ P ′ , d P ′ ) is non-negatively curved. (d) There exists a simple convex polytope P ′ combinatorially equivalent to P so that all the dihedral angles of P ′ are non-obtuse.
Note that a Riemannian metric on a manifold is non-negatively curved means that its sectional curvature is everywhere non-negative, while a metric space being non-negatively curved is defined via comparison of triangles (see [3, Section 4 
]).
Proof. (a) ⇒ (b) The real moment-angle manifold of a product of simplices
be equipped with the induced Riemannian metric from R k+1 . Then it is easy to check that S n 1 × · · · × S nr is a nonnegatively curved Riemannian manifold with respect to the product of the Riemannian metrics on S n 1 , · · · , S nr .
(b) ⇒ (a) Recall the definition of π λ : M(P, λ) = RZ P → P in (2). For any proper face f of P , let M f = π −1 λ (f ). It is easy to see that • M f is a closed submanifold of RZ P which has 2 m+dim(f )−n−m f connected components, where m f is the number of facets of f .
• Each connected component of M f is diffeomorphic to RZ f . Note that M f is the fixed point set of a rank n − dim(f ) subgroup of (Z 2 ) m under the canonical action of (Z 2 ) m on RZ P . Then since the Riemannian metric is (Z 2 ) m -invariant, each component of M f is a totally geodesic submanifold of RZ P (see [7, Theorem 5 .1]), and so is non-negatively curved with the induced Riemannian metric from RZ P . This implies that the condition (b) holds for RZ f as well.
In particular when dim(f ) = 2, the RZ f is a closed connected surface with non-negatively curved Riemannian metric. Then by Gauss-Bonnet Theorem, the Eular characteristic χ(RZ f ) ≥ 0, which implies that f has to be a 3-gon or a 4-gon. Then by Theorem 2.1(b), the polytope P is combinatorially equivalent to a product of simplices.
(a) ⇒ (c) Suppose P is combinatorially equivalent to ∆ n 1 × · · · × ∆ nr where n 1 + · · · + n r = n. Consider the standard simplex ∆ k as a metric subspace of R k+1 with the intrinsic metric. Let P ′ = ∆ n 1 × · · · × ∆ nr be the product of the r metric spaces ∆ n 1 , · · · , ∆ nr .
Claim: As a metric space (RZ P ′ , d P ′ ) is isometric to the product of the r metric spaces (
Recall how we enumerate the facets of ∆ n 1 × · · · × ∆ nr in (4). If we glue two copies of P ′ along the facet F
Then we decompose the gluing procedure in the construction (2) for RZ P ′ into r steps. The i-th step only glues all the facets of the form {F
copies of P ′ , which gives us the factor (RZ ∆ n i , d ∆ n i ), while fixing all other factors in the product. Then our claim follows.
Moreover, observe that for any k ∈ N, (RZ ∆ k , d ∆ k ) is isometric to the boundary of the (k + 1)-dimensional cross-polytope Q k+1 whose vertices are
Recall that the n-dimensional cross-polytope is the simplicial polytope dual to the n-dimensional cube (see Figure 3 for the case n = 2, 3). It is well known that the intrinsic metric on any convex hypersurface in an Euclidean space R n (n ≥ 3) is non-negatively curved (see [3, p.359] ). Then since Q k+1 is a convex polytope in R k+1 , (RZ ∆ k , d ∆ k ) is non-negatively curved for any k ≥ 2. When k = 1, the boundary of Q 2 is a simple curve in R 2 whose intrinsic metric is always zero. So we can conclude that (RZ P ′ , d P ′ ) is non-negatively curved because the product of non-negatively curved Alexandrov spaces is still non-negatively curved (see [3, Chapter 10] ). show that the dihedral angle between any two adjacent facets F 1 and F 2 of P ′ is non-obtuse. Otherwise, assume that the dihedral angle θ between F 1 and F 2 is obtuse. Choose a point O in the relative interior of F 1 ∩ F 2 , a point A ∈ F 1 and B ∈ F 2 so that the line segments OA and OB are perpendicular to F 1 ∩ F 2 . Then ∠AOB = θ. Suppose the lengths of the line segaments OA, OB and AB are
In the gluing construction (2) for RZ P ′ , consider two copies of P ′ glued along the facet F 1 . We then have an isosceles triangle △AB 1 B 2 in RZ P ′ (see Figure 4) . When a is small enough, the distance between B 1 and B 2 in (RZ P ′ , d P ′ ) is 2a by the definition of the quotient metric because B 1 O ∪ OB 2 is the shortest path between B 1 and B 2 in (RZ P ′ , d P ′ ). Moreover, let △ĀB 1B2 be a triangle in the Euclidean plane R 
and F 1 ∩ F 3 are codimension-one faces of F 1 . By our assumption, the dihedral angles of (F 1 , F 2 ), (F 1 , F 3 ) and (F 2 , F 3 ) are all non-obtuse. We claim that the dihedral angle between F 1 ∩ F 2 and F 1 ∩ F 3 in F 1 is non-obtuse as well.
Indeed, we can assume that P ′ sits inside R n and let η i ∈ R n (i = 1, 2, 3) be a normal vector of F i pointing to the interior of P (see Figure 5 ). By choosing a proper coordinate system of R n , we can assume that η 1 = (0, · · · , 0, 1) ∈ R n and F 1 lies in the coordinate hyperplane {x n = 0} ⊂ R n . Let η 2 = (a 1 , · · · , a n−1 , a n ), η 3 = (b 1 , · · · , b n−1 , b n ). Since the dihedral angles of (F 1 , F 2 ), (F 1 , F 3 ) and (F 2 , F 3 ) are all non-obtuse, the inner products of η 1 , η 2 , η 3 satisfy η 1 · η 2 = a n ≤ 0, η 1 · η 3 = b n ≤ 0, (η 2 , η 3 ) = a 1 b 1 + · · · + a n−1 b n−1 + a n b n ≤ 0.
=⇒ a 1 b 1 + · · · + a n−1 b n−1 ≤ 0.
Note that (a 1 , · · · , a n−1 , 0) and (b 1 , · · · , b n−1 , 0) are normal vectors of F 1 ∩ F 2 and F 1 ∩ F 3 inside F 1 respectively. So (6) implies that the dihedral angle between F 1 ∩ F 2 and F 1 ∩ F 3 in F 1 is non-obtuse. Our claim is proved. By iterating the above arguments, we can show that for any 2-dimensional face f of P ′ , any interior angle of f is non-obtuse. Since f is a Euclidean polygon, it must be either a 3-gon or a 4-gon. Then since P is combinatorially equivalent to P ′ , any 2-face of P is either a 3-gon or a 4-gon, too. Then by Theorem 2.1(b), the polytope P is combinatorially equivalent to a product of simplices. Remark 2.6. In the statement of Theorem 2.5(b), if we do not require the Riemannian metric on RZ P to be (Z 2 ) m -invariant, it is still likely that P has to be combinatorially equivalent to a product of simplices (see [8, Section 5.2] ). But we do not know how to prove this so far.
